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WA H: 2023-05-19; #£3% H: 2024-01-16; *mEEE
FE R E AR S (HEAES: 11991021, 11991020 F1 12271503) % B H

WE 5k REFIEKRBEFHREZANXH A (vehicle routing problem, VRP) # B RHE A% 7.
EEANGEAFRELZEEER, CRAARGRBRENXEER EXMRREEXTRULS
I VRP £l F FEWER. S Z A, AXRE - FMHFNRERGEZEANING. cEAREFME
FLMER, MAFSEANFHTEERE, ARARINERELESRE P TERENELE, H6
RO EIRFAN I TXTEEREURBRASE M. ET FRB#, AT T —MEAFIELETK
it VRP W AL EE R A W%, Fl 1 K EHETRIEH T AR b 77 098 Bk

KRR FWEAAXNEA RENS EEAAE
MSC (2020) EJEHE 65205, 68T20, 68Q32, 90C35

1 5|5

AR AR M R (vehicle routing problem, VRP) A& — 2828 diL (21 S48 4k 1] 7 59 7R P sttt 5
RFHAEE 2. S ] 8 SO ZEANECE 0 BB R, FE 2% P 75 SR AL A B BRI T, #fE
AR IR AR RS (S W CHR [38]). EEARMLIHRFAE T, VRP T4 T VF 284K, WA i ) &
(traveling salesman problem, TSP). A& %R VRP (capacitated VRP, CVRP) Fl73 |52} VRP (split
delivery VRP, SDVRP) %%. T VRP [J NP (non-deterministic polynomial) M5, FHR iR A2 EH
BA PRGN, P an 45 214 N SR MESIR R (S IR [42)).

20 42 50 4K, Dantzig 55 16 1 UK TSP BN BEALEME R RIEEAT R AR, HUF T D3 s MR
KA. M, RN G —EBO T FERAR KRG RO KA VRP. HEl, KE VRP 177
— R ARG Tk 1B 018,17 39,400 1R U 375 v (5,12, 14,28, 24,28, 54) ORI AR T VE £ EEE T B A

FE5|H#&3: Shi R Y, Niu L F, Dai Y-H. Capsule aggregated attention for vehicle routing problems (in Chinese). Sci Sin
Math, 2024, 54: 1-26, doi: 10.1360/SCM-2023-0307

© 2024 (PEME) it www.scichina.com  mathcn.scichina.com



DT B 45 i T F 3 S PRy T LA SR 88 2 0 e A R ) R

R 81, 4337 s A B9 401 2RI o Fg A el 1326 17] . RO VRS F T v/ NI VRP, (B T L4835
ST, IRMEY R BT KRR VRP s2fg) 101 J5 e sX07 v 2 AL HE Clarke-Wright 53% 14 Sweep
SR AL R NELYE 281 AR R R Bygs 1280 RNIs AR A ) 25 AT RS TE W] 452 1) 2 TR [R] P 3R AR
AAT AR AR 28], SR I e 7 v FE MO T B AR A AR B R A5 1% T ETE AR e ATk o 418
T B R AW TR ) (2 WSCHR (34)).

R 0 -FHE L, IR S PGl K e B DR VRP A SkFTI R K (2 WSCHR [63]), BILTE
Z BT 2 S 1) 5k (18,82,46,47,62,65] bt 5 4L G010 3 R N7 AH B, B2 ST R 5k AT DATE G T 4
S EAFIENEE T, LU 077 2P b g N\ S S g T A O R Bl
AR SR fife i FR AR X, BT ST mT LAy N SR, BV B RS D7 VRN 2 2 S0d R ke :X0772: P81, B
BEITVE SR DB i (19 77 2B i N SIS 205 th . ok, Vr 2 Bk T2 2 Jkd e T3
PR RTERE (2 0 SCHk [7,18,36,37,46,49,67)). FFAlH, Kool & P61 Wit T T 2 kik & A gnidgs,
FRIH T ET BEE I IMRASEE, XN H T ARE N BWE %2 —. b, Kwon 55 B7)
LL TSP NI HT 1 3 Fom b 2% 1 5k i s AR, 78 DI e 72 rpol ik 36 - SCiik [36] MORERL IEAT
ZANEIE; Bi 55 O Wit T —FE 2 AN AR AT T 8BS R AT AR ZETAESE, Yuan 45 167)
FESCHR [36] HIBAYBEH R, it 1 —Fh4h & om b 5% 2R B I BT B2 ST PR BT V2.

% 2 21 e e R 35 vk 32470691 G5 g AR B e Sl B — 2R e I SO LT, WoN R R
HY . BRI Ao, BAMRGERE 5469010 8 Rk X5 E U, #UR R SGE AR, 1
5@ IEA L, 5 ) ol R Rk 7V n] DARAS 5 S A B, R S A AR B (2
SCHR (56, 65]).  SbAN, G ey BE G b A e R R R RN BB T ) (AR o — 0T PR HE (AT
% (S WLk [56]). HATRRMEN 2 2] il i kA7 778.FE Hottung Al Tierney 32 i 3 T & )
HILH () SR B X 45 SR SR CVRP, DU B R AL AT 38 2% W 55 [69) $& 1 7 — Pt T Transformer 42
Fay O1) ) SRS X 4 K45 S5 s B FE, R T 2-OPT (optimization) ¥ R SGIHR; Ma 25 17 1
BET SCHR [65] TR ROAEAL BETE T XU B EE R I AE AL B gD, A5 ORI TR R IO L
TEIEFOSFRIE. PTLAE H, VP25 T 22 ST R A T 3 B L.

FERE I SR AR VRP &G 1R R B, B SO VPR Y Bt VR 1 mUT 41 B e 4y, ff
HAW IR B YIRS R E VI CH B R SUERNBIA (S W0 [62]). XA B TRAESE I IR
GREMTET T, N VRP SEBEMHE R T —ANZE05 M BT . — ek, vER LR B (S Bk
By, BB 5 SR s R AR, SR, IR B2 T 52 S VRP AR A FH 13 = B () 2Rk R
J1H AR ASCHR [18,36) W 22 Skid = 0 oa ), AR AE AN [R] A2 (8] b G A a7 A 1 22 1
oo U DT 28 G IR 45 B — AP — (10 72 [ SRR G A 284 P g AR AL PR XIS, (L B 32 P R BRI 4 P A 4
BAEFFA R U VRP SR FEEEE (S 0CHR [43]). B, S 75 misi By g 8RR i, in
fa] 3 50y 7= 0 15 B TR AN RIS B 1 2 ER R AL,

PR REIN 45 551 JE T AR SR HTH H I — Fh sy M 268 28, L4 LD IR T 2 A4t (120,21, 69) Jir g2 iy
28 TP B A G B 2 bR R B S AN S AS B P AL, AN N IR B S R M R B R IR
6] H, SR AH AR 2 FP A i B I Zh 25 B A L AZ 3. ShAS B e L e ZE R 28 B s KIS R A fe
71, HREFEAF AL > SRR 2 I C R (S WOCHR [43]). Btk RSB0 E B R A7, BRI
JREFE A 2 T R B A B FRATLAR, 0 AN [R] Sk v i 00 0% AR AT S e A, E T4t IR B SR G e AT B
BARTF, N BEAR YA Rl B 7 Sk i g, HON R R iR, AR RS MR R, N
A N R B AN A I B TS B Le ], A SO RN N IR FE AR i — MR RS, AN 1 B
HH RS BE AN 5 TA) (R AR R ARABARE . UL I ) R PR R AR T 2, AR SCHE T A SUHE B 2 sh s B B AL

2
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i Ja, BRI AR B R IR A — 1S B i AR

52 ER ML, RERGER ) BA RGBSR R G . 2R, PR R %
R HEBOIRLeIB AL (B B, JR R BN R, M F 2, A EARERREM LIRS
B ) e 28 TN, PRIk, 32 SCHR [50,68] FRAIE TR A, AR SCBETE T — R TR A FE 1L A i IR AN
BHER, RN REERE P RS 5. Bk, Y6 5l Nid 2 SN ISR 228, A
SO 2 Atk Il S K A AR O S S5 LR R FE R T 128, RO R IR ZE R 2. Ak, T
FEH I B RGUIRS A T4 3R M VRP AT 8 #R AR H B, R TS R, B R SCy
AR EAEIX T TR B OCRAER. flln, E3CHR [36] o, BRSO A EHEBRARGER. &5 — 1
RIS —N15 UL, R IZ AR B, EAGDSRPIANT R 2 PLAS TH R A RGUIRES 1)
Ak, AL, e S AR 1) A B0 S A R Bt T B BRI N B R S AR

BRI TE 2 A, YIGRAELEN T2 ) K07 ik AR B 78 M B o ST HE SR T I SRR 5 A P RS 1
RGBT 2 105 PR VRP 52, 1X 75 BAR & 1 T AR . 5 B2 2 i 5 AN ) st oy >d i
AR RERIET SIS HR SRR VRP B A AEmE, DL G X m N Y (S WK [63]). R,
PATHE X T TAF bR 9 A 22 S RN GRIRAT T B, DN S B, s 2% S SRk mT DLy e T
B 28 20 AR () ik, 25 5] B0 R A R A B 0 A R SR TSR 1 PR A
Y BEAMI TG, UM R s AR SR I 2 B0 B AT TR 3. AR RS ] S E AT | ey 3K, JF
K SRS 2 T 1R AR R AT I . fe 2%, AR SCHR Y — ik T o A 2 STHE R A I 2R 5 PV 0 R 4%
(capsule aggregated graph attention networks, CapsGAT) .

IR BT AR AL (R 1 B, A SCHE TSP A CVRP NG 8L VRP Bk AT T 5B SLe. w ook
CapsGAT 57T VRP RESFHEAT 1 HEL S9RERH, R RZHIHIE T, ASCHIBRLL T8 K FL LR
AT 22 S AL LR, JFiE— P40/ T SRR ZEEE. FaR, ARSCLEEL T CapsGAT FIH A 2% =) K fig
SAEA RSB AN [F) 735 SL A 24> A S BRIz Ak e, S5 RR W, A SO/ R 2 4L
T S #HEA LRz AR ), I HIX AL AE i) UG RN AR G SN . SR, AP B it
1T 7RSS, AR RN R AR 2 ] B LA, DA SRS 3R A B I AN i R I BT R ) Z A EE L.
SEEGEE FUIESE T RBER AER A RN, 5, XF TSP 526 b m 7 s Sl #E b AT 7 el ik, ALk
TOCHR [36] Frt i BI77V5, CapsGAT AR MR T-45 € FIBLC, BE B VE T 1 AU i e 2k

ARICHITTER S S5 T

o AR T —FiET IR FE R S VE R AU, el R P IR AT S A5 R, ARE A I Bh A B
BT (E BRGSO RI IR 4 A2 3 2 % FHESE T A B4 2R B A B

o NX P TURIREE, At T — MR IR RS, NI RGUIRES R, ASCsiuh 7 R
A R R,

o ACHE T —FiF I TR AR VRP [ 2] R — gl fb 27 STHEZE T i IR BE 5 & T 8 ) M 45
CapsGAT. AT, 1% TAER B IR T Tt — Mo S AL T 5K ## VRP.

o ATCHEAT T KB RBUA LY, GRS B G HER A de 34T LI V2 A RE DU IRAIE « Y Rl S0 ST A
MR AR AT REAL.

ARSI HAR B GRS 55 2 1R SRR VE B LA FERI 25 55 3 504 CapsGAT FE4Y.
Fph g 3.1 AN RN i s O S5, AR IR R B R ) TR« B IR I Sk 5 A5 A A B i 151
TR B 3.2 /NTTREIR AR & b BT SR R R I SRR R B 3.3 /NI R T SRS RV R i
WA IR RE. 5 4 9 R BUE S0 45 RA B SER /M. BJa, 5 5 Tide AR S AR R
AT RERIT T TT 1),
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2 MAxXIfE
2.1 EEHE

TEET R LA B BAT 55 (OB AL U w ) VR O HLHIRE B k3R . AR SCRT 3 HE BB AL E ML 2% B AT
Z, RN T A R R, R 3805 5 SETINA ¢, 1 G0 e B 4 ) IX 2845 BT AR AR
R R IR B2 R, VR ALK AR DG (R Sl i v = A A N A R (AR A R
BN OCE Hi N AOR TAE 55 S Ay 01 Rk tH S AR SRR B B, A A R OC R
RN ERT TG AR R T RE. s, H ORI N T 2 MM gt (3 1.3
Wik [45,61,62]), FEEONARUASFISUSAT 55 T (3 WCHK [11,22,27)).

XFFoR M VRP (25 2] 980538, TR LIRS & 3200, 2 N RN I B A R4
FJrid. Pt mgs 62 {8 v = I HLEI B R M N TG 2R AR SR AE TSP, M 8k Sl H = 31 /N
SE R PR A, Nazari %5 490 7 7484 KRR CVRP. EEMNZ, B8t R MBS T RS E
B, AIE T — YRR SRR R AT H B FIE BOEEE AT, Ma 55 46 S2 T EIFREF M 45 SR A TSP, @
TV BEHR N Gt 8 SR At SR I T 19 A0 2 (1P 96 2R DA B ) N33 3= 0 I AR ket tH Fie 1 A0 . Kool
236 SR T HT 2 SIE R I GG AR T 1 R R 28 28R R SR R £ B VRP. Wu 25165 it
TR STHESL R H T Transformer ZER (R, Sl 2-OPT SUHH T 3K TSP A1 CVRP. Ma %5 [47]
X AEAY 105) AT T oSGk, 7E 7840 R RV 0 AR S VE AN AR R R I B T AR R, BT T2 TR P A
B IFEIAL E D AR K i TSP A1 CVRP.

2.2 FREME

B MR LR B, KB MG M5 2 FEAE S T R B2 PR R R B /NEE P71 Az ik
J& &, Hinton %5 B 7E 2011 52 T ICEEMIMES, IR Sabour 25 55) F 2017 4E XS e BEM 243 T T &
UARKG SZEL. 5N TARG ML R 32— 44 oe, H AR R STARMIBR & e 3. Bk, BARZH
(R B o e R BT IR B 2= () . AR, X S R B SRA 15 DAL S s B S A R I e I AT T3
W, J5 W T R IZAR U FIBh A 8% USRS, S LEE AN TS S R B8 e 3% — AN SR 5F
FESHRZ AR SRR 2. BRT, IFEMIZ L2 RS T H AR 21 B 4R1E = 4k 169)
FNEETT i (1) 22 AN 40,

Bl AL R R X2 o (1) — A AL, IR TE(E B R A AR T Z MBI . BB R
MBI R IE, ERETE T MR Z 0%, 4 T B 245 8. Gong %5 29 2 7 —Fh K
AR, DRI AT B A B i S A [ 58 KNG D, 12 KM 30 2 Hh e 58 7E SO 93 2RAT 45 b i AR
PPIR] [F] fe SO AL B AT Rl DL B2 2 /5 L. Dou 25 19 /4 T AN B BT S h IS R R A
Jiik. ARSCHTHR H I SRIE AR 2 S M IR R A RN SN ZFOR AR, JEAHR LA 555, L
21431 Jo Gu F Feng 29 fEAPEHLESBIRET 55, I PR st 7 2 Sz B s B R &R

3 #RAE
AR SRS 4 P R SR R AR HE SRR W (R # e 2RIE. DA TSP A, 45 5E il G, Rl LLE
MAERA 0 DM E V ={1,...,n} WEL FN R0 e VA B CHRIERIE ¢ € R?, X

BN AR, R {7 = (mu,. . mr),m € VY ZFPIIKEN n AT RHESI. AT CapsGAT
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FEE T oA STHEZE N MRS A - RS AS 2 THR. ZAD A TSI BN AR S RN, A2
BA R PGB E R, RS a g A SR AV, JF LN SUE By R EUE R, MR s
B RS o ST RARD ¢ BRI UOE R AT NIRRT — AU AL . RS R AT
I 1) 20 th G AT B oy BOERD AR, [RHRICEVITRE KRS —L(x | G). HirR% P HE%
PAGERAER —L(w | G) B E M SENS. 125080 oI Lodid 0 SH L ikRonh

T
po(mw|G) = HPO(W | G, m1t-1). (3.1)

t=1
3.1 “mA53R
B, AT EMRHE X = [x,..., 2, I —AN0] 5 5] [ 2 PR AR 3 5 R0 5 s ik N
HO = [r" 1D, BRIE, WA SN EIENBIRIDES, HE N BRI bt T . 5
EHESH— N R 1R R BRIEFRNRERGERE T EM— AR T E 4. dnhdes i 2 m T
N HO = [ R fIE B
RN) = thEN). (3.2)

n -
=1

3.1.1 REBEIENTFE
2 SE B SRR S RN B M AN R R 23 )
QU KD VD) = (Wi, Wi, Wi HEY, (3.3)
ot W), € Rtwxdn, Wi e RIxdn Wi e Rbvxdn A5 BH. IKHA diy = dy = dp /M. R
JB, M A EER A REOHT T RS R ks (O, O
H') = ATT(QV). KD VD), (3.4)

Hrp ATT() NEFEZE IR, iTLRR N

O e 10 @) WKL
ATT KD v = VI softmax, |~ 3.5
(@, ) softmax ( R > (3.5)
ZJa, M AN RHIRES B BN
M
LR O = H H'Y, (3.6)
m=1
Jﬁ RGN T B, B )E, A HO 3T 8 A 3 DL AR i ZOR A
m=1
B A e HO = WP HO, (3.7)

o W) e Rinxdn TTYIZRBHL
1) A R ALLSIFR, B d x 1.
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2 SRR IHUHIFEAS R 723 ) vh o Sz A e 2 Ao B el Ul R 21— A — 1
T R A S AR RE B AR KBS, AT, 2 SRR IR S - R A 2 A Fe i £ = M1
JE 148, 44] ol BB AS A HIE B U HUHIAE B VRP RIS RO ER . BRI, Bt — Rl B s R A 5
W — AN (AT FC A e L. T I 2% (55 Rk — ek 2 25t b LA R i N R B A A5 2 BEAT 3R
RIAROTIE, IR FRRACGRIER AR R . ZME R, A SO ERNZ ER T
JFAE SO BTSRRI T IR, AT AR B BT Sk S i15 S AT 0 R 5

BRI AN S, MONRIER B 2 LR BORE B BT AR AR Bk g, B

0 = LeakyReLU(W,(,f)oﬂ(Z))a (38)

Hit, LeakyReLU(-) NIFMEBGEE K, {0,...,0)} NMAKIE. FEEEN —HLE, £
Wk [55] ', BRBER R VIR, SR, ASSCHA AN RE R 3L T 2 SkE B0 5 A Y, IR AERE.
T ARFE SR SRR X T, A OB N IRIE I — MR E A dy, I W, € Rbvedn,
HENKIE OF) MITRN dy x do. G, 45E 2 MR, SRR 0f) Hix z Mt
BEHEAT AU, I T2 5T (AR = A4 W) e Rt

z|m
U, = w05 (3.9)
AR & R B, MR REE Q) 9 Fr A S I RUR:
M
Q) = Squash( > afI)ng?m), (3.10)
m=1

FF HAIARZAE R bR Bk o I B 0w R Dy

HX:,kH% X:,k
+ 1 X k3 1 X k]l

Squash(X) = H - (3.11)
k=1
Hr |- o RFER 2- 58 ZI R DL EERI T g B 6 RECK 2 /35 BN R FE%
16 B IR EE (R BRI R R) .
AR (o)} WYIEHN 1/2Z, RGN T 7 2B T4 U softmax HHEAT IS

z|m
(i
(O
exp(b,},,
“g\)m = z(—l(; (3.12)
Zz:l exp(bz | m)
TR ) EERTE m AMARE OF) MiZBAEIE » Mtk o W, i
WA R Q) SRE UL ZEARZA T
b(fl)m — bg‘)m + (ﬂautten(Uz(?m)7 flatten(92(9)), (3.13)

Hod, fatten(-) FRoRIT BN —LEMVIERERIA, () TR R RN L BRI A B b Bk a8 7
Bk 1L P EIT (3.12) (3.10) A (3.13) 7 IRITEH, BrA I Z A% B 28 5 B — e = 2R AR
T BT R R

O~ ). b0 = | . (3.14)

z=1

JRHEE R 1T R B AAEZRAE 1 .

6



HERE HeE 54k 7

B 1 2 L]
Require: |23 ¢, EQRE 7, NRFENE M, b RN Z

1: procedure ROUTING(UZ(T]':,L, T)

2 Vme{l,..., M}y, ze{l,..., Zy: b 0

3 for % r &AL do:

4 vme{1,..., MY, ze{1,..., Z}y: ~i (3.12)
5: Vze{l,...,Z}: A (3.10)

6 Vme{l,...,M},ze{1,...,Z}: ~i(3.13)
7 end for

8: return Q(z[)

9: end procedure

W
Q;
1 RERGIENTERERN

3.1.2 ISR EIAFESR

WS ANBGEBBEIGINRERAGEET), Z2REENTNEEREGEEAR TEE A
M, URAEREGZAN M RERN, FrE X8 g e —i. FEERIHErA XL
Ji: BE AR [ RE A B 1A R A @ T T S RN, A SRR B L B AT RE R TR BT AN X 1) kb Ak
M TN FEER T IR IL, FFHA RS R HRATN, KENFLERESIRE RN 2 (30
ik [68]). ik, AR EEFRENRRR SER T2, B E A IR R, 5T
HEEMEMCAX 4, TEEOVEELE 0 2] 1 208, TR LS B W S ARR A

Z(:,0)7

. Z
Y = ¢Pa® (3.15)
z=1

Foob O ST R, R - R BB TR ¢© = (09, oY) ATEABEHE

g9\” =FCg (h{Y), (3.16)



U BA 45 3 T FR R SR 10V R WL SR S 2 0 e A T R i) Rt

Horh FCOg, (] sigmoid T B ACKAFIEBT 2] Z AT, 5 300K [68] AN, 3K FLASE RE A0 17 ml 1 B
Kt AP 2 ft. XN VRP fES5H R el R, JF B 5 HARE R M F KK &,
B, ROGTES MY AR &, FFA s — MR B A e 746 BT R SR a5 A an 18 2 P,

3.1.3 ZEE[IRTE
TEIZ T2, AR SCHR [36] HF I A R 0 90 408 S0 ), 4 001 T4 1) B R38BT A 10 A o i 3R Y
2. oAb, BBk RO ASRIE AL B B IR ER A7, BE AKX T
iLEZ) = BatchNorm(hZ(-e*l) + fzgz)), (3.17)
FF(h{") = FCq,, (FCGeMY (R{")), (3.18)
HH FR(-) FRATH
#H

A FH R R 42 AT
A

W%, LRSS — N EA 4 dy 45500 ReLu BOH BT 2. R HIX
YA RAE BRI RN, XN T80, R € TR R s T LA C

=
I
A

h{" = BatchNorm(h"” + FF® (R{")). (3.19)
gi L, iR AR SR G 3 .
3.2 fiRALES

T8I G b I AR RAR T SR AT RN G, AV U620 1 a2 . Efp i fE v, S5 2R
ASHEET (] AR A, BRI bR SO s R I sR G R, AROR RS I N SUE R A R Y
Euclid P53 F RN 4L) VRP, B TSP 1 CVRP. TSP ¥ H bR A 3 15 A wk U 1a) 5 H ki 1a)
— IR, I LA AT REIR [ R IR, RPN T = n. CVRP & TSP —/ME, HHWHE
TR, — RYVE P 1 SA B OR R, 2 5% DLG ke SO s 7% k. 205644
WA 2 (1) BERH RN 5 ZE HANE Uy i — Ik, R T > no+ 1; (2) BRI ER LATA & 0T
REA T EAH AR, KT CVRP, JREGM n N RAARERE T, BT RMTERN 6 € (0, D], H

& 2 RIERBEEFRFNEELSHN. BATERENEFRTIRNIIEE
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C A 1
( [
C BAE N )
3 RIS MVEAAN. ERANIMAT QI TIREURGMEHRAN. RE, HABTRIBERAL

EEBRAE. EHATARMNEREEFSNRERSIBENTEMINFERNSERIRTRAR. £8F N XL
B, BEAET RPN RHERRGERA
D >0 FREFBR R, BANE T RECE g ALFR SR IR0 T AR A TR R, BhAh, s
i =0 BHINE v P EBEE, 6 = 0.

RS R ¢ e {1,..., T}, ZAHIDBRA B R 9 AT C A S i 0 i 42

BN R EAE AT

C(TSP) = {V_L(N):?h%\[); h;JY)T]T’ =l (3.20)
[R(V) ,vl,vf]T, t=1,
[’_-’“(N)Tahgfjtv—):th]Tv t> ]-7
e {[h<N>T7héN>T7Dt]i t=1, 20

Hr vy fl v 2 dp, BN GO, STF CVRP, 2 ¢ = 1 BPARTEE AR, RN ZR I A A
AR B

{E, 16 ¢ TR RGURS BT EACH E— BV AT, B pSD, | S AR DU e Hy A
RGHPRSBEN A2, KT VRP, HI T3R5 O JS£8 1 AR A U7 [ AT 749 A, DRI 3Z SR [66) 1)
JER, A SCHE AR 1] B A5 B IR LR SO Am &, IR SRR I R ST R & e
wR:

cersp) = [unv, RN AOO T RMTT, (3.22)
C(CVRP) = [unV:7B(N)T,hST]jBIT7Dt]T7 (3.23)

Hrft unv, KRRV EIRN, tHEAR LT
MASK; = Repeat,, (FCg°"™*(H™))T & mask, ), (3.24)
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unv; = Ave(MASK, © H™), (3.25)

L POt g O Wy n M, #6569 mask, 2 AL, ook iy g i E
N1, BN 0, © /3R Hadamard #57, Repeat,, RNN T AHERBFEREMAEYI R4 EER d) IR, Ave(')
FORVERET FAE AR IE. EAERERE, X CVRP, T GEH KRBV, FIbGE Bk
BRARVIPRE. SFA54 e {1, n}, BEFEIHBICEGER N

1, &R i AE ¢ BT,
mask; t+1 =
0, HAth.

IR —NEH M AR Z RER DT RETE LT R BA he. REMTRLERER
qc AR K 430 B B RS RN he AR (7)1 AR AT 218 4, 153

g = Wyhe, k; = Wb, (3.27)

(3.26)

Soih W, € Rinxde il W, € Riwxdn R JIIZ5H.
SR, AR TE B T B py(my | Gy mig), B

el

pj=po(m =7 G, mu-1)= S o (3.28)
T
q:k;
C~tanh< = j)7 # mask,;, =1,
uj = N g (3.29)
—0Q, :/H\:/ﬁl_j;,

Hrp ¢ FAF#EIMEFEANT [—C,C). B 4 BR T RIS FE.
3.3 1EAY)IZ

FEMRE AR N iR, SRAFIIIE ~ BRI TP R B AT AR B (o, . wop). AT HARRZAL
AT, USRS RN A RKE. SETEIINERAERBIGERE - SR E R EOFx H o
MR BT Bl LASRAS e HE SRS AN [F], 2 T SRS (195 92 15 AE EL BN SRS EAT A4, R4, X BEMLSE
AT AR B ARG, IXAEKAE VRP IO GH. Ik, AR SO SRS B 5 0 A k4T
fife.

FE—NSEB G, RIS E R 7 BEAT RAE T A RN Rt 0%, HoE SONXTR IR K E L | S) 1

LILEN
L(619) = Epg(xig) L(m | G). (3.30)
AR SR o P52 3R 81 SRmE BRI N 5y
VoL(0|G) = Epg(mi) (L7 [ G) = b(G)) Ve log pe(m | G)], (3.31)

Hd b(G) & T BEE T 22 AUMIE S S Bl IE 4 Al v 8%, T 3EmE (BEAY) B (a2 1k, BB
P BT 5 2 TR S HT N BRI S B Bl SR R IRt RE R, AN 6 #RSkR E Rl — a0 A, RItiE
Monte Carlo KA¥, FEMEAH AT AT AR R~ N

VoL(0|G) = Z (w1 Gi) — L(xf | Gi))Velogpe(m; | Gi), (3.32)
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HERE HeE 54k 7

q
t t t+1
q
¢ t t+1
4 TSP #1 CVRP 7 ¢ SHFLERE

Forh, B RHLAIRD, wp R SRR RAE SIS R 5 5 SN 4 St 0. Adam HEAL &% P74 HIRTE
B 0. BALIZRIRE R RSS2 .

H3% 2 T REINFORCE (SIS 5E:

Require: JIZH %R B, SRS F, #t0KN B
Ensure: &5 6

1: Witk 0

2: 6P =0

3: for epoch =1,..., E do:

4: for step=1,...,F do:

5: S; < RandomlInstance(), Vi € {1,..., B}

6: 7] < SampleRollout(G;, pe), Vi€ {1,..., B}

7 7] < GreedyRollout(G;, pgn1), Vi € {1,..., B}
8 VoL & S [(L(r{IG) — L(x!|G.))Vologpo(w;|G.)]
9: 0 «— Adaml(_el7 Vo)

10: end for

11: ol =0

12: end for

13: return 6
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DT B 45 i T F 3 S PRy T LA SR 88 2 0 e A R ) R

4 SRR

PEFEE PRSI VRP— "4 Euclid BB N TSP Al CVRP EHEATHUE S, IrA SLiaiife
L/~ GPU (graphics processing unit) (Nvidia 3090) @47

4.1 SCIRE

FEASCH)/NIAE TSP SIS CVRP SEEG A I SEf €7 20 4>, 50 ANHT 100 ML R8T 7
L, ‘B4 BIR RN TSP20. TSP50. TSP100~ CVRP20. CVRP50 1 CVRP100. fAM T (B
L ) ARAR BN AL, 7E ST IE T X3k [0, 1] x [0,1] 3851404, XFF CVRP, A&
D20y = 30, D50y = 40, D100y = 50. FNZ T HITRAE {1,...,9} P FENLLIEL, 4P 1) 7 KA %
BN O.

P T CapsGAT WIEEZEL, NP TEREAIT HE AR, WEREBNZEEA N =3, 48 di. di
Hl dy 535018 128+ 16 A1 16, 1 SISLAR B EEH 8. MhAb, ShASE I EEMIERIREL 7 = 2, 8]
VIZ4 C = 10. NGRS, FIIZRHHREBE B E N 100, 22 2] R E Y 1074 MR,
TN GPU [RAF, 18 2,500 MK, ALK EA 512 ASER] BBl ghid #2; X+ CVRP100, 75
2,500 MR, AR ER 256 AL ESeIIgad #E. RN AR b, AR SCiRE T REALEE 10,000
DR s b P RE.

4.2 SLIGRE

¥ CapsGAT 5 —SeALGE R AR AR B A UL LR 2 2] AL L AT LA S FEL BRI T
e Concorde?: —HE [T T R TSP HIARSHIRAAESS, © 6 AR FEZIERRAE TSP BEINL
RS ) 2 At Fn ot
o LKH3 B —F 5 kA KA, H 3-OPT HBmMM, E1F2 VRP BB [ S oeik g &
e OR-Tools®: —Fp W2 HIFE T 7o 8 KK VRP RS, il s, BAT ke
e Nearest neighbor P4: — i ixd i 35 55 0T U7 I 15 A 0 Bl T 4740381 Ja ke X7 ¥
e Random/Nearest Insertion (54] — o ie 3o 3 PR AT N A S5 /N T R R R TV
e Clarke-wright saving 14: —FR§E T 7= A= 18 B K5 20 A & - BR A2 1 8 R X7 1
o Sweep saving 24: —FRLERRASKR 28N XS T BEAT HEF AIAC e AT 48 AR J8 R X7
o PtrNet-RL [7): 34627 STHESE T IKIFREF 2% ;
o Nazari-RL [*9): PtrNet-RL f{J—AN) XARA;
o EAN U8 b2 SIHESE T 1 RIE R M Z AR Y B 22 Sk vk 3 0 2 il ok R AN 45 1 AL o) A 1Y

o AM POl SRALZASIHESL R M ENE B UM B, B 2 SkTE R g i R A BV R 0 ARG

o GPN [#6]. BRfk 22 STHELE R () 1l 4 1 99 248 A
o MRAM [06]: BV 22 HEZE R L KR AM A AL
o POMO BT g 23k () J T8 2 711K B A E A Ay,

2) Http://www.math.uwaterloo.ca/tsp/concorde.
3) Https://developers.google.com/optimization/.
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HERE HeE 54k 7

o LIH-DACT B7: —fiz Je it 1) 3 T B 0 i ebodt Ja e e B, A 0 Hip[R] Transformer A7
A7 B dmhi i Bk % 2-OPT 1

o AMDKD-AM Pl S ek (5 Tk I MIBi 2 — B 2 0 A AR Z8 TBAEZE, L 250 ) 45 52
T AM;

o RL-CSL [67); JEFomib 2% > f1 H WG L 24 2T /) AM B,

4.3 SRIGEER

ARG AL T 5 AL AT L. WS RIBORTESR 1 . X2 o) 8 R
A WA LIRS SRS DU MR RUR PR AY. b SO MRS T — 0 TP B R I i 1 S R B B AR
N —AE I, TSRSV 2 MR AT SRAE R IR [ S A A L0 ) A8 FH X 7 o AR SR s SR DAy
ARCIRERL, FRR A AR B W BN 1,280, 2 1 AR A (R PE RN AR AL SR, % BT B 4% 2 2H sk
fife % (Solver) AR (H). TEEMERY (G) MERFEMERY (S). XT- 5 AT AR S5 (1 HL e, 11 H
HELZE (ST) RKEFAE POMO Y, Al B (M5 BR | (T) KFAF LIH-DACT. AMDKD-AM ! RL-CSL
(1953 207 NG AT SR AR FUR BB AR ). S ATV AL, A EFIER A KIS (Tour Len.). i
EZEEE (Opt. Gap) AR [A] (Time). AREFBIEE Fbricly <. mEEA LA N

L-L
Opt. Gap. = Libe“ x 100%. (4.1)

best

ASCAS F ARG Hf SR 48 Concorde FI LKH3 B0 Sk 437115 2] TSP il CVRP K LEE 12K E.

I 1 H e e SRR, FEHES ) b 2% SISO AT DL LEORE B SR A 2 B DR SRAS AR 17 S A 11
BIME, AR T Ara a3k, FOR, 85 b o A An 2R ARG 20, mT DUR B S 3 AR
1D 4% g% o 75 25 1) A LT ) B 6, T SR AE AR ] DASRAS B s AR, AESRPR L 2 7R B R AR
A R VGG AR, SO MRS SRS A2 — DN A IR R, 0B SR AR I BT, el 2 X T KR
W 8, SR ARG B R A T oK

PRk, 0Tt AR R AN A 2 o) BRI LR AT VR AN LA, FRATTK I CapsGAT 1EATA £ Xt
BHE M R IR R ERTE T Tour Len Al Opt. Gap ffd ekt HAKT &, ST R /N sS4,
U1 TSP20 fil CVRP20, R AM ) Opt. Gap CL25/), {H CapsGAT 53R EMSAE H — e ek, 51
7E TSP20 LREASFRTS 0.03% KIS, £ CVRP20 L3R15 0.76% RIIRTE. FEE A R (48 hin, A
RSB SRAS AR (1 T 15 2 T SRR 3 &, Ak, T 9wt ds (IRIER SR IR 1IsiEH54s) Al
D2 CRUT AT BN ) BIBIAMT SRSAS, A SO A 4B R] B AM AT MRAM . (HE R
B AR SRR 7 SRAR T B 7 THD RO B, FRATTI RS S n HE B ) B R) AR R B AR . b, Bl
FIARE (R BEI0, A SC (AR BT AE 2 (0 A5UH N 1] 5 B I 1) () L B PR, e, AR, S
JeibELR A LL, AM B CL IR E R, SR1, 25T AM & T T8RRI B S T
PERE, MMUAE/N T SR s i e R ) 200 i HAERT A 1B F#VE T RL-CSL, HZ7E—E K M
F POMO. LIH-DACT Hl AMDKD-AM. iX % T 2305 1 A 2.

4) ISk [37) Bk, T POMO WE UL iR EHIL, XS POMO 5 AM RIBRA L AA A AFRIMR
#. Bk, £ POMO INZRATINES 1 DLE BT RLCE AT HE R

13



DT B 45 i T F 3 S PRy T LA SR 88 2 0 e A R ) R

=1 SEFIJAEZFMFIAELZIALL, CapsGAT ZE/#HE TSP 1 CVRP Ll Lo EE

TSP20 TSP50 TSP100
T3 Bt
Tour Len. Opt. Gap. Time Tour Len. Opt. Gap. Time Tour Len. Opt. Gap. Time
Concorde Solver 3.83 0.00% 5 min 5.69 0.00% 13 min 7.76 0.00% 1h
LKH3 Solver 3.83 0.00% 42s 5.69 0.00% 6 min 7.76 0.00% 25 min
OR-Tools Solver 3.86 0.94% 1 min 5.85 2.87% 5 min 8.06 3.86% 23 min
Nearest Neighbour H 4.50 17.49% 5s 7.00 23.02% 5s 9.68 24.74% 5s
Nearest Insertion H 4.33 12.91% 1s 6.78 19.03% 2s 9.46 21.82% 6s
Random Insertion H 4.00 4.36% 1s 6.13 7.65% 1s 8.52 9.70% 3s
PtrNet-RL G 3.89 1.42% — 5.95 4.46% — 8.30 6.90% —
GPN G 3.87 0.96% 1s 5.96 4.56% 4s 8.51 9.69% 10 s
EAN G 3.86 0.66% 1 min 5.92 3.98% 3 min 8.42 8.41% 6 min
AM G 3.85 0.34% 1ls 5.79 1.68% 2s 8.12 4.53% 5s
MRAM G 3.84 0.27% 2s 5.78 1.55% 3s 8.08 4.13% 6 s
CapsGAT [Ours] G 3.84 0.22% 2s 5.77 1.44% 2s 8.05 3.72% 7s
EAN S (1280) 3.84 0.11% 3 min 5.79 1.93% 7 min 8.77 13.21% 20 min
AM S (1280) 3.84 0.08% 3 min 5.73 0.52% 10 min 7.94 2.26% 23 min
MRAM S (1280) 3.84 0.06% 5 min 5.72 0.46% 14 min 7.92 1.93% 27 min
CapsGAT [Ours] S (1280) 3.83 0.05% 5 min 5.71 0.38% 15 min 7.90 1.83% 29 min
POMO ST 3.83 0.12% 1s 5.73 0.64% 2s 7.84 1.07% 7s
LIH-DACT T (1000) 3.83 0.04% 2 min 5.70 0.14% 5 min 7.89 1.62% 7 min
AMDKD-AM G 3.86 0.83% 1s 5.80 2.00% 3s 8.04 3.65% 6 s
AMDKD-AM S (1280) 3.85 0.39% 3 min 5.70 0.25% 8 min 7.86 1.21% 20 min
RL-CSL G 3.84 0.22% 1ls 5.78 1.62% 2s 8.10 4.41% 6 s
RL-CSL S (1280) 3.84 0.06% 5 min 5.72 0.51% 24 min 7.94 2.35% 1h
R CVRP20 CVRP50 CVRP100
Jii: KM
Tour Len. Opt. Gap. Time Tour Len. Opt. Gap. Time Tour Len. Opt. Gap. Time
LKH3 Solver 6.11 0.00% 1h 10.38 0.00% 5h 15.68 0.00% 9h
OR Tools Solver 6.46 5.68% 2 min 11.27 8.61% 13 min 17.12 9.18% 46 min
Clarke-Wright saving H 6.81 11.64% — 12.25 18.07% — 18.96 20.96% -
Sweep saving H 7.08 16.07% - 12.96 24.91% - 20.33 29.70% —
Nearest Neighbour H 7.51 22.91% 5s 13.01 25.34% 5s 19.45 24.04% 5s
Nazari-RL G 6.59 8.03% - 11.39 9.78% - 17.23 9.12% -
AM G 6.40 4.75% 1s 10.98 5.78% 2s 16.76 6.89% 6 s
MRAM G 6.39 4.77% 2s 10.95 5.49% 3s 16.69 6.43% 7s
CapsGAT [Ours] G 6.38 4.66% 2s 10.92 5.21% 4s 16.62 5.98% 7s
AM S (1280) 6.27 2.89% 5 min 10.62 2.38% 20 min 16.24 3.89% 51 min
MRAM S (1280) 6.25 2.43% 7 min 10.61 2.34% 22 min 16.20 3.32% 53 min
CapsGAT [Ours] S (1280) 6.23 2.13% 7 min  10.59 2.02% 25 min  16.11 2.75% 54 min
POMO ST 6.35 3.72% 1ls 10.74 3.52% 2s 16.15 3.01% 8s
LIH-DACT T (1000) 6.15 0.28% 4 min 10.61 2.13% 9 min 16.17 3.18% 15 min
AMDKD-AM G 6.35 3.85% 1ls 10.89 4.91% 4s 16.50 5.23% 8s
AMDKD-AM S (1280) 6.19 1.31% 5 min 10.58 1.93% 10 min 16.07 2.47% 25 min
RL-CSL G 6.40 5.16% 1ls 10.96 5.64% 3s 16.74 6.99% 8s
RL-CSL S (1280) 6.25 2.47% 6 min 10.61 2.18% 30 min 16.18 3.40% 2 h

T 2B UL LKH3 AE N AR SR, I B R B T e i 45 2R
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HERE HeE 54k 7

N T W FURI B A8 75 1 BE 75 1 5 2 2] BE T AR USSR, o CapsGAT 5 AM Al MRAM 2k
LAEAT TR P W, Ja#E B SASCH AT ZRHE SR K. X 3 MRERIAE TSP A1 CVRP 2
Bl LR S 2 &l 5 Fros. — ek, WiR— MR BESR KR SE ST RE T, e mT EAZEAR [ B
RIS 0T A HRAS LS IR ZH SE A O 4R o SR — MY S b le 8, D e T BAAE SE D RN SR N SEBL S
Xof FRZHAH AR PERE. 4l 5 FToR, —J7 T, CapsGAT [ i Z8 82K T AM Al MRAM FIHlIZE. 1X R 42
H AR R SIS i 1 AE ST RE D, IR DN T SRR ZEERE; 7, B TSP50 A%, CapsGAT
155 20 DRHPRIEAE S AM FI55 60 ASIHUARIL, XRMIASCHIEALL AM AT MRAM BAH
R PR AT S5 AR B v R WA SRR

4.4 SZILMEEETEMN

ZACRE I R S SRR 5 1 — AN E 5. PRIk, AN AR EEREAT 1 — RS,
PAMINAAR ST CapsGAT HZ AL TERE.

4.4.1 /HFE TSP #1 CVRP £ ERYZ M RE

T JRTE/NIE TSP Il CVRP SEBI Bk AT 75050, FRPER 2 iR T B K izt ah 3. Bk
F, ASCLE 20+ 50 A1 100 N ) TSP _EYIZREIEAY 73531 %75 A CapsGAT-TSP20. CapsGAT-TSP50
A1 CapsGAT-TSP100, /£ CVRP EYIZREIERL 53K R CapsGAT-CVRP20. CapsGAT-CVRP50 Fll
CapsGAT-CVRP100. ASCX 25 5y 1) TSP FH Tr 25 e i 5w, X EEMER) CVRP Af F R AF MR R
FEMIRGEL RE A AS [R5 SO/ B S B AL B A7 I, B CapsGAT-TSP20 £ A4 50 #1 100 4~
T S AT I, CapsGAT-CVRP50 7EEA 20 F1 100 A1 s =g Bk, 45 R, AT

5 AM. MRAM # CapsGAT HIMIKITEKES (a) TSP20, (b) TSP50, (c) TSP100,
(d) CVRP20, (e) CVRP50, (f) CVRP100 L6 ERIIZEEIRARE. HEERELRT AM B8, fE a0
FKX MRAM ##8, I & LLERRANN CapsGAT 15E. BEECIEARMNIEM, AR AGEARHNE
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DT B 45 i T F 3 S PRy T LA SR 88 2 0 e A R ) R

%= 2 /I TSP #1 CVRP Sz HER

Jiik Z5# TSP20 TSP50 TSP100 Jiik 2% CVRP20 CVRP50 CVRP100
Concorde Solver 3.83 5.69 7.76 LKH3 Solver 6.11 10.38 15.68
AM-TSP20 G - 5.95  9.02 AM-CVRP20 S - 10.97 17.98

MRAM-TSP20 G - 593  8.87 MRAM-CVRP20 S - 10.94 17.97
POMO-TSP20 ST - 599  9.81 POMO-CVRP20 ST - 11.04 18.11
LIH-DACT-TSP20 T - 6.27 9.66 | LIH-DACT-CVRP20 T - 11.69 19.80
AMDKD-AM-TSP20 G - 599  9.02 | AMDKD-AM-CVRP20 S - 11.06 22.25
CapsGAT-TSP20 G - 590 8.84 CapsGAT-CVRP20 S - 10.92  17.95
AM-TSP50 G 389 - 8.18 AM-CVRP50 S 6.39 - 16.39
MRAM-TSP50 G 389 - 8.14 MRAM-CVRP50 S 6.37 - 16.38
POMO-TSP50 ST  3.88 - 8.15 POMO-CVRP50 ST 8.02 - 16.49
LIH-DACT-TSP50 T 413 - 8.30 | LIH-DACT-CVRP50 T 6.46 - 17.31
AMDKD-AM-TSP50 G 3.89 - 8.20 | AMDKD-AM-CVRP50 S 6.27 - 16.28
CapsGAT-TSP50 G 387 - 8.12 CapsGAT-CVRP50 S 6.35 - 16.35
AM-TSP100 G 422 599 - AM-CVRP100 S 6.49 10.82 -
MRAM-TSP100 G 418 5.6 - MRAM-CVRP100 S 6.48 10.79 -
POMO-TSP100 ST 414 592 - POMO-CVRP100 ST 1043  11.60 -
LIH-DACT-TSP100 T 427 6.30 - LIH-DACT-CVRP100 T 7.16 10.78 -
AMDKD-AM-TSP100 G 428  5.88 — | AMDKD-AM-CVRP100 S 6.39  10.72 -
CapsGAT-TSP100 G 413 5.91 = CapsGAT-CVRP100 S 6.46 10.77 -

T I B AR AR AL fe i (AR

CapsGAT 7E K ZHUE K T TSP M1 CVRP HA S IF 1z EE ), BIantEpT A 5% F & T POMO
Al LTIH-DACT XA B REM M i de it &Lk, £ CVRP50 M1 CVRP100 _EillZk) AMDKD-AM
BRI AE /NS b AT DASRAS B AP I A4 3R, (7R VPl Jfh SEB B, A AR 5 AMDKD-AM 2
6] F ZE B A K.

4.4.2 X#HE TSP 1 CVRP L) EHIZ MR

ACHE T CapsGAT 5 AM. MRAM. POMO. LIH-DACT 1 AMDKD-AM £ % &4 1,000
ANFT S EIRHUEE TSP Al CVRP S BRIz A RE. X5 T CVRP, ¥ MU KR CVRP 8241 1) 4=
7 BB E N 70. ARSCMEFAE TSP100 Al CVRP100 TN ZREF HAsAL, I40JI4E TSP200~ TSP500-
TSP1000 1 CVRP200. CVRP500. CVRP1000 L iFfhizfbhe s, AR EEAAE 10,000 NSERF]. K
TG AR ) 7RI AR R ST AR AR S V2SS R AR 3. IX AL T Opt. Gap FIfEHE
B, RN ISR T, AR WA RS, FOVEAZ 2RI E. K 3 har LU EEH],
FEFTE KR TSP Sefirh, 545 MFELLAILL, CapsGAT 3845 T S MR AZ K. £ CVRP S2fl b
HEAT IR, 28 SC A A ORI S M e et B o B3 . BRI S, CapsGAT 7 CVRP200
FHEAZ S =, £ CVRP500 EHESAEE ., 7€ CVRP1000 _LHEZ 55— HEHIMESEZ K2, 5 CVRP1000
FHEA 5 1) LIH-DACT HHEL, ASCHIEAY K% 54 FDAHERERS [A], 1) LIH-DACT FRE—K U LK
pE]. Ak, 5 AM A MRAM AHEE, CapsGAT HIHERER (A { B AT 38 I, BEg IR AN, SR %

16



HERE HeE 54k 7

%= 3 A TSP #1 CVRP SR

TSP200 TSP500 TSP1000
Tiik St
Tour Len. Opt. Gap. Time Tour Len. Opt. Gap. Time Tour Len. Opt. Gap. Time
LKH3 Solver 10.71 0.00% 3 min 16.54 0.00% 11 min  23.13 0.00% 24 min
AM-TSP100 G 11.61 8.40% 1s 20.09 21.39% 5s 31.16 34.83% 37s
MRAM-TSP100 G 11.54 7.75% 1s 19.78 19.52% 7s 30.59 32.37% 40 s
POMO-TSP100 ST 11.64 8.68% 1s 20.31 22.79% 2s 30.54 32.04% 10 s
LIH-DACT-TSP100 T 12.93 20.73% 1h 20.74 25.39% 4 h 30.48 31.78% 11 h
AMDKD-AM-TSP100 G 11.53 7.62% 6s 19.87 20.13% 19 s 30.81 33.20% 1 min
CapsGAT-TSP100 G 11.52 7.56% 2s 19.67 18.85% 10s 30.33 31.24% 45 s
CVRP200 CVRP500 CVRP1000
T3 PR
Tour Len. Opt. Gap. Time Tour Len. Opt. Gap. Time Tour Len. Opt. Gap. Time
LKH3 Solver 22.21 0.00% 28 min 48.91 0.00% 1.5h 91.47 0.00% 3.5 h
AM-CVRP100 G 24.48 10.22% 1s 56.29 15.09% 4s 114.50 25.18% 14 s
MRAM-CVRP100 G 24.40 9.86% 2s 55.96 14.41% 10 s 109.82 20.06% 49 s
POMO-CVRP100 ST 23.56 6.09% 2s 54.43 11.29% 5s 111.54 21.94% 12 s

LIH-DACT-CVRP100 T 25.00 12.56% 3.9 h 59.15 20.94% 11 h 106.76 16.72% 30 h
AMDKD-AM-CVRP100 G 24.01 8.10% 9s 56.97 16.48% 30 s 122.99 34.46% 1.5 min

CapsGAT-CVRP100 G 24.29 9.37% 2s 55.75 13.98% 11s 106.62 16.56% 54 s

TR AR R AP ISR

WY, A SC RS R AE A PR RIUASE ) U A S B AT SE A B PR RE. DRI, SO T ML 2 B v K A S 451
AT BE HOVE £ 77 17

4.4.3 A [E%7% TSP #1 CVRP SLHIa9;z 148

WA AR, IIZRAFTNEAH ) TSP A1 CVRP SEBI#82& A1 5040 U(0,1) A ). £ 21 2K07EH,
SN ZEARGEA L, SR 4 1 B o A A ), AL M R 2 2 IR S . BRI, Wi LR
AT Pz A VERE R A M E . AN S BRITEY S 040 U(0,1) BISER] BT IR, TEA RIS
B TEZS 20 A7 S g A7k, BAdh, (5 IR 340 N (0.5,0.01) (5 U(0,1) A MFEIME. AR
Z£)~ N(0.25,0.01) 1 N(0.75,0.01) (55 U(0,1) BAARIIE . AFRT72) BISLpiE47 00K, S8 1 55
H VLI T T e 2 (B o A 2 57, B 6 4t THE 4 FOANFE AR R A 200,000 A KAETT £ (10,000 4
TSP20 S241) BT . W 6 Fr] AU EEE], IEA A= AL I T35 s K2 A (0 — 30, 4+ 30),
Horb p ME, o ARAEZE, 1T H 35050 20 A AR U Y SR BEAN 2 o s ] 35 5] o0 A

x4 M T AR AR TSP50 f1 CVRP50 A KRz LA R, T 20 F1 100 AN 55
5 50 N A BA A AT RE, TR SR i e AT I g B fEX AN R, S H) R R AR Y
S) AT HIEEE LU, WK 4 R SEFHINIER: (1) “UIRELEFTE TSP Ml CVRP S27)_FisqE
RE I3 Ai I, CapsGAT HIPEREDE T AM Al MRAM; (2) BT 1EZS 70 A A 25 s 45 b, SE R 11,
D] b TF 25 20 A7 S0 1) s 4 FE S R0 T3 20 o A sl 38 SEAT A 8%, KRB CapsGAT £ KB4
&R T K2 HELR, X R TR R WL AT DA — @ F2 . R A B ek, R0, A
LI CapsGAT %A I AMDKD-AM. X & KN J5 & 5 TR O i o A g gh i, o+ BI04k
BIRECOE ZARBI A, WA RS EATRR G 0%, AR TAES, A 7k —
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Ui B 45 i T I 3 S PRy T LA SR 88 2 0 e A R ) L

6 AR BT T SR = E
% 4 AESN%H TSP # CVRP LHIRZHER
Fik 2% N(0.5,0.01) N(0.25,0.01) N(0.75,0.01)

AM-TSP50 G 2.79 2.82 2.85
MRAM-TSP50 G 2.72 2.78 2.76
POMO-TSP50 ST 2.71 2.74 2.75
LIH-DACT-TSP50 T 2.68 2.50 2.92
AMDKD-AM-TSP50 G 2.48 2.49 2.48
CapsGAT-TSP50 G 2.71 2.75 2.74
AM-CVRP50 S 4.15 4.20 4.19
MRAM-CVRP50 S 4.13 4.17 4.15
POMO-CVRP50 ST 4.21 4.28 4.28
LIH-DACT-CVRP50 T 4.11 4.12 4.12
AMDKD-AM-CVRP50 S 4.00 4.05 4.04
CapsGAT-CVRP50 S 4.09 4.11 4.09

T AR R e 45 2R

AR EEHURIN AN LA 7, AU RITE SO ST U5 15 S HEHR AR 2, A
AT BRI
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% 5 7f TSPLIB #1 CVRPLIB EHZLLER

S Opt. OR-Tools AMDKD-AM AM  MRAM POMO LIH-DACT CapsGAT
280 2579 2713* 3872 3976 3684 3882 4295 3553
berlin52 7542 7945* 9478 8694 8211 9629 9931 7998
d198 15780 15963* 31622 79302 36645 30776 24935 29280
eil51 426 436 427* 436 434 438 493 432
eil76 538 561 542 544 552 550 541 539*
kroA100 21282  21448* 21650 32614 27388 31359 31449 24645
kroA150 26524 27592 27354* 38397 34022 37906 40847 30689
kroA200 29368  29741* 31112 44717 41600 44095 48415 35580
pr76 108159  111104* 131202 112665 112099 136692 132182 111261
pri24 59030 62519 60042* 63504 62937 63207 62826 62272
pri52 73682  75834* 78120 88741 84221 83888 87424 83904
tsp225 3916 4046* 4888 5132 5092 5185 5471 5057
ul59 42080 45778 42944* 46254 45803 43827 47552 44557
X-nl101-k25 27591 29405* 30782 37582 32069 31523 38906 30232
X-n120-k6 13332 14242 14162 14270 14221 15137 14099 14096+
X-n143-k7 15700 17470 16509 17398 16994 17047 16373* 16935
X-nl167-k10 20557 22477 21468* 22374 21598 21987 22483 21976
X-n186-k15 24145 26017 25526* 25885 26077 25721 27450 25617
X-n200-k36 58578  61009* 62254 78839 65013 64165 63989 63948

T M ARER AR T B i ISR, « FORBRER UM L A el 45 R

4.4.4 PDHBURE LRIMRE

ASCAE N SLFMERIESE TSPLIB (Traveling Salesman Problem LIBrary)® 21 fl CVRPLIB (Ca-
pacitated Vehicle Routing Problem LIBrary) ) 1601 ff5 - ] @55 L3k — 25 At T #8172 A 1 RE.
RIX LS A 55 A SCHE I 2R A A8 I S48 58 AN R 23 A, a0 s AL B &P R SR R &,
ZIMRAT S5t BBtk M. %€ 5 35 7 TSPLIB Al CVRPLIB _E R4 K B A2 A S . s A S i iy
IR 5 AR A% . OR-Tools Hl 5 AM2% ) RILEHAT [ LLER, Forh 4B LE TSP100 F1 CVRP100 EllZk
1 BA A A B FEPE) AMDKD-AM. AM. MRAM 1 AMDKD-AM ZEJRid fEd i f 7 1,280 4
FEA TR R AL AR W

XFF TSPLIB, FEHLIER: 13 AN 2T 300 (IXHFR TSP 925, WK 5 i se g s, RE AL
[f] CapsGAT RAERIEI A A AR LN, BI85 OR-Tools SR ffas RIA M H £ H4r. H
U, BAVRBUA S I R AR A T A 15 R AR EL AM AT MRAM B 47, 78 K 230 R POMO Al
LIH-DACT FE4f, iX R ARSI BAG ok (1 AL Re 7). I8 BEAF 4R SR, RINAE eil76 b, AL
MRS TSRAG T B R AR 2 AR AP I 45 . Rk, AMEAKIN, TERZENETL T, A CapsGAT
5 OR-Tools 1 AMDKD-AM i ELATSARAEAE Z20E. XA R, R AT 36 -1 1 22 ST R AL Sl 43
B AT FH — 22 o A 5 e P e R R AE — L AR MR I 20 A7 S5 VI ZRpsi L 191 453 D) S0 R 47 i o A ANz

5) Http://elib.zib.de/pub/mp-testdata/tsp/tsplib/tsplib.html.
6) Http://vrp.galgos.inf.puc-rio.br/index.php/en/.
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LT REASTTRER (2 WSCHR [15,65]). XFT CVRPLIB, BEFLIEFA/NE 100 #] 200 Z [AIf) 6 N5
1], FEAS S FARIE A R O e B AL % P AT SR AT AR . AT RAAE 3 — AU 4518, EIRR T
AMDKD-AM 2 4b, AR EL AML MRAM. POMO A1 LIH-DACT #BE4f, 3K CapsGAT £
X-n120-k6 F3R1G T BRI 2 A i 4G

4.5 EHRRSCIS

4.5.1 CapsGAT A [E4HHRIELER

A/NYTHEAT TR AN AR ) RS, BART S, S 0 S g g AR RS B By L. AE
DY B, A T IRERGER ). ARSI B, A SCHE BRSO E AR T AR A 85 RE B
TR, eI MR RN c-a-a Fl r-de. ASCHAT 1 LA R HALERLS, G AN A ALHUHE B4 & 1)
4 M IE:

e G c-a-a, G r-de (JE4H AM): AM BEAGR AT CapsGAT Frd: T A LN, ARHIRIER S
R IAUEIER RS RS

e f c-a-a, G r-dec (AM + c-a-a): AM + c-a-a & XM RERGER IR, A% BB S 1)
fiRfi bR S

o G c-a-a, A 1-dc (AM + 1-dc): AM + r-dc 7&K H TIEIE RIS B R SCrsil, A ERTER
BRI

o f c-a-a, A r-dc (CapsGAT): CapsGAT & A IR IR, HA R T IRERGIERJIAMEIE
0 T S

6 WME T ARFE B KBEAE TSP50. TSP100. CVRP50 1 CVRP100 b [ #4222
PR, NSZIRZE R n] DO R (1) RIER GBI AME RS bR SORES A B T3 J5iah AM 5
RIMITERE; (2) QX PIANZEA 53 s R IS, e 38 B8 Gy s 0 LU ASE FH R U7 1 15 A8 eSUfiedd b SR KL

% 6 CapsGAT A [EEEFHIXTEEER

S A1 TSP50 TSP100
Trik
c-s ss r-dc Tour Len. Opt. Gap. Tour Len.  Opt. Gap.
AM 5.73 0.52% 7.94 2.26%
AM + c-a-a v v 5.71 0.40% 7.91 1.88%
AM + r-dc v 5.72 0.50% 7.93 2.19%
CapsGAT v v v 5.71 0.38% 7.90 1.83%
AM + c-s v 5.71 0.41% 7.91 1.92%
AM +cs +ss vV v 5.71 0.40% 7.91 1.88%
S A CVRP50 CVRP100
c-s ss r-dc Tour Len.  Opt. Gap. Tour Len.  Opt. Gap.
AM 10.62 2.38% 16.24 3.89%
AM + c-a-a v v 10.60 2.14% 16.12 2.81%
AM + r-dc v 10.62 2.35% 16.22 3.70%
CapsGAT v v v 10.59 2.02% 16.11 2.75%
AM + c-s v 10.61 2.29% 16.14 2.93%
AM +cs +ss vV v 10.60 2.14% 16.12 2.81%
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RIG, P IR B R A = J1ANR oy A A, BIIRBER SRR IITIE (c-s) AT 1B BIE B 4%
(s-s), FEHEHELLT PIFRIE 7

o f cs, TG s-s, TG r-dc (AM + c-s): AM + c-s ;e AARBREAER T 2SR (HERA K
RT3 IR Bk 2 45

e i cs, A s-s, Jo 1-dc (AM + c-s + s-s): AM + c-s + s-s sz AN BGRER GE BT ZEMEK
IR LA ORI E S AM+c-a-a MHIF], 9 LFHLIX 73RN A, A SCHE LA K L E
.

FHRZ )5 RSB TR 6 . el ISR, 546 AM HEL, SINRERGTE SN FERAR
FRCR. BEAh, ISR P IR B B T DUt — P48 AM PR, SO 14 R Sk MR FE T 5, IR
BEREGERTZ IR BRI B )Z RV T E B EA.

4.5.2 SERBAXHETE ALK

—ficHh, BN L R e M RE RS SR R R MR RE. R, AT A ST IR IR R AR IS —
Tl 17 B () SO T VR AT X L, BRI A I Gy 7). RATHE TSP50. TSP100. CVRP50 Fi
CVRP100 FAHGEMNR 7152 Skix B 1 7 EM R AEZ D R 1. 3 f1 5 N AaEg 2 s, &
B AR S R AU ReLU BREL X T — M EERENEE, BRI E N 128, MEH 5 G
BHREF—EL X T 3 MRERENEY, BN EEEZER RS 0w E A 128, 256 F1 128, X1
5 NMEEBENEE, BEA TR E MRS 3% E v 128, 256, 512, 256 Al 128. fixiegsi Ly
CapsGAT I AM+c-s BT ELER, JE & AT CapsGAT /N4 FE IR 1428 I B35 35 3% AS D i
TXHITER. LI s RERER 7 4.

MF 7 HRTCLE S R, SR A B, AR ERAFE N EERET
JEas AM B 1 RE, R FLBE AR RER NG ). Kk, M AR AR E R RS 2 kT
B, AR e I B A E R s I R e . LU TSP oA, 4 R in— AN aniE s
R, B VERE RSB T AR . YA ZHOG IR 3 2R, BA R R Tt — D r R

*7 AM ERMNRERAIZENIELESERRSTIENNLERER

i F TSP50 TSP100
Tour Len. Opt. Gap. Time Tour Len.  Opt. Gap. Time
AM G 5.79 1.68% 2s 8.12 4.53% 5s
AM + 1FC-layer G 5.79 1.68% 2s 8.12 4.49% 5s
AM + 3FC-layer G 5.78 1.64% 2s 8.10 4.34% 5s
AM + 5FC-layer G 5.80 1.90% 2s 8.12 4.63% 6s
AM + Caps-layer G 5.78 1.51% 28 8.07 4.05% 7s
CapsGAT G 5.77 1.44% 2s 8.05 3.72% 7s
AM S 5.73 0.52% 10 min 7.94 2.26% 23 min
AM + 1FC-layer S 5.73 0.52% 10 min 7.94 2.09% 23 min
AM + 3FC-layer S 5.72 0.51% 13 min 7.92 1.96% 24 min
AM + 5FC-layer S 5.73 0.62% 14 min 7.96 2.58% 24 min
AM + Caps-layer S 5.71 0.41% 15 min 7.91 1.92% 29 min
CapsGAT S 5.71 0.38% 15 min 7.90 1.83% 29 min
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(ER)
ik m) CVRP50 CVRP100
Tour Len.  Opt. Gap. Time Tour Len. Opt. Gap. Time
AM G 10.98 5.78% 2s 16.76 6.89% 6s
AM + 1FC-layer G 10.98 5.75% 2s 16.75 6.80% 6s
AM + 3FC-layer G 10.99 5.85% 2s 16.69 6.44% 6s
AM + 5FC-layer G 11.02 6.14% 2's 16.70 6.51% 6s
AM + Caps-layer G 10.95 5.48% 4s 16.64 6.09% 7s
CapsGAT G 10.92 5.21% 4s 16.62 5.98% 7s
AM S 10.62 2.38% 20 min 16.24 3.89% 51 min
AM + 1FC-layer S 10.62 2.31% 20 min 16.22 3.44% 51 min
AM + 3FC-layer S 10.66 2.70% 20 min 16.18 3.19% 52 min
AM + 5FC-layer S 10.66 2.73% 21 min 16.19 3.25% 52 min
AM + Caps-layer S 10.61 2.29% 25 min 16.14 2.93% 54 min
CapsGAT S 10.59 2.02% 25 min 16.11 2.75% 54 min

. SR, AAER 5 ANEIERRIN, PEREIRE A e, S SR T RE, HARLEORA AM A B
KR RE T PR T U ZR AR AN S AR R L T ok S R LA B G X TR ), — S AR
EIEEE I HEZ NI CapsGAT R, (EAS[RIAE Y R HE BN A BEAAE [F] —/KF L. 25 58 B A S A
MU= R U B i, T AT S CapsGAT AT B (A F e 4 4 2.

4.6 AIHLILSCER

N T B ST SR R, R ELEAR ST CapsGAT AL S AM ARAY 2 [ )2 5, A
TSP100 E3HAT T AT A04b S5, & 7 IR T CapsGAT A AM 7E on B AR T8 i AL g 42 1 i A
A EORAR B ) F- B R BE AR AR A 9K B B TS AN 7 A mT DUE 3, AM BEASE N T 3 EA s g1,
X S57ESCHR [36] ARSI R — . 52 M, AN CapsGAT A1 42 5 2 R g, e &

7 AM (k) #1 CapsGAT () FHREFIIEER— TSP100 L LRI, SEFIHERAY
FREKERICESKER RS
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TR B E A B AR, AR IR R . A ORI ) R A EE R K B AM R B 4T
LT CapsGAT HIARLE.

5 g

ARSCHRH T —FloH 0 BRI 4E CapsGAT KR VRP. JEBRATHTA, 352 1 4K IR FE X 45 o
T A AU T 7T, Fii R T4mfin ey - ML as4s i, fEamitid e, AR A5 B4R S
PERE, ARG T — P IR BER GBIV, FFEH T — MRS EER S KX 0 2 RIKE
DB iR T 2. TR FE R, AR SCAIAME ST B R S AR R RoR, Dk PR Il fE. M
T G ) 7 TR A I T SR, AN SCAE SR AL 2 STHEZE RN, K CapsGAT HIVERE, A SCIER L
A VRP, f5E TSP Al CVRP T 7 REREE L. 45K, ERZHETE N, A TR
T e R AFELAE T H L, R0 40/ T SR id ) 28,

TEASRIIWT TR, FoATT BB G T Ay gk — D B o 2 S) R A i k. B H AN IE, K2
B TAEERRAEY 51 00 A 0S5 E SRR, T 78 A B SRS [R] 20 A7 1 3 St A 45 T, 125
IR R AR 5 B AL IRAEAE B2 2200 . Ik, 0] 1E B Uk 20 AT B B R 5 2 S AR RUAH 45 & A A5 0T
FUH). G, — N EARE R, WA A0 R L), SRR e A R AR AR, SR, 4ad SR
RO, VNGRS H & T B R AR, FECNZR RIS ) AR B 0. thah, B B W B a5 2
B, DA KRR M/ NTEAS [F) 3 A S Bk, X 2 S B0 Zad A e . Bk, AT —14
BT Wasserstein #5 25 1E 40K 70 A0 B PRI AL, 1208 ] D2 ST 70 A5 AN BUB 1 U, AR =z AL
PERE.

Buft MEH R FRARG OGS EL.

SE3H

1 Afshar P, Heidarian S, Naderkhani F, et al. COVID-CAPS: A capsule network-based framework for identification of
COVID-19 cases from X-ray images. Pattern Recogn Lett, 2020, 138: 638-643

2 Arulkumaran K, Deisenroth M P, Brundage M, et al. Deep reinforcement learning: A brief survey. IEEE Signal
Process Mag, 2017, 34: 26-38

3 Azi N, Gendreau M, Potvin J Y. An exact algorithm for a vehicle routing problem with time windows and multiple
use of vehicles. European J Oper Res, 2010, 202: 756-763

4 Bahdanau D, Cho K, Bengio Y. Neural machine translation by jointly learning to align and translate. arXiv:1409.0473,
2014

5 Baker B M, Ayechew M A. A genetic algorithm for the vehicle routing problem. Comput Oper Res, 2003, 30: 787-800
Baldacci R, Christofides N, Mingozzi A. An exact algorithm for the vehicle routing problem based on the set partitioning
formulation with additional cuts. Math Program, 2008, 115: 351-385

7 Bello I, Pham H, Le Q V, et al. Neural combinatorial optimization with reinforcement learning. arXiv:1611.09940,
2016

8 Bengio Y, Lodi A, Prouvost A. Machine learning for combinatorial optimization: A methodological tour d’horizon.
European J Oper Res, 2021, 290: 405-421

9 BiJ, Ma Y, Wang J, et al. Learning generalizable models for vehicle routing problems via knowledge distillation.

In: Proceedings of the 35th International Conference on Neural Information Processing Systems. Montreal: Curran
Associates, 2022, 31226-31238

10 Chaudhari S, Mithal V, Polatkan G, et al. An attentive survey of attention models. ACM Trans Intell Syst Tech,
2021, 12: 1-32

11 Cho K, Courville A, Bengio Y. Describing multimedia content using attention-based encoder-decoder networks. IEEE
Trans Multimedia, 2015, 17: 1875-1886

23



DT B 45 i T F 3 S PRy T LA SR 88 2 0 e A R ) R

12

13

14

15

16
17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36
37

38
39

24

Christofides N. Worst-case analysis of a new heuristic for the travelling salesman problem. Oper Res Forum, 2022, 3:
20

Christofides N, Mingozzi A, Toth P. State-space relaxation procedures for the computation of bounds to routing
problems. Networks, 1981, 11: 145-164

Clarke G, Wright J W. Scheduling of vehicles from a central depot to a number of delivery points. Oper Res, 1964,
12: 568-581

Cobbe K, Klimov O, Hesse C, et al. Quantifying generalization in reinforcement learning. In: Proceedings of the 36th
International Conference on Machine Learning. New York: PMLR, 2019, 1282-1289

Dantzig G, Fulkerson R, Johnson S. Solution of a large-scale traveling-salesman problem. Oper Res, 1954, 2: 393-410
Desrochers M, Desrosiers J, Solomon M. A new optimization algorithm for the vehicle routing problem with time
windows. Oper Res, 1992, 40: 342-354

Deudon M, Cournut P, Lacoste A, et al. Learning heuristics for the TSP by policy gradient. In: Proceedings of
Integration of Constraint Programming, Artificial Intelligence, and Operations Research. Cham: Springer, 2018,
170-181

Dou Z'Y, Tu Z, Wang X, et al. Dynamic layer aggregation for neural machine translation with routing-by-agreement.
AAAI 2019, 33: 86-93

Du Y, Zhao X, He M, et al. A novel capsule based hybrid neural network for sentiment classification. IEEE Access,
2019, 7: 39321-39328

Duarte K, Rawat Y, Shah M. Videocapsulenet: A simplified network for action detection. In: Proceedings of the 31st
International Conference on Neural Information Processing Systems. Montreal: Curran Associates, 2018, 7610-7619
Galassi A, Lippi M, Torroni P. Attention in natural language processing. IEEE Trans Neural Netw Learn Syst, 2021,
32: 4291-4308

Gendreau M, Laporte G, Musaraganyi C, et al. A tabu search heuristic for the heterogeneous fleet vehicle routing
problem. Comput Oper Res, 1999, 26: 1153-1173

Gillett B E, Miller LL R. A heuristic algorithm for the vehicle-dispatch problem. Oper Res, 1974, 22: 340-349

Gong J, Qiu X, Wang S, et al. Information aggregation via dynamic routing for sequence encoding. In: Proceedings
of the 27th International Conference on Computational Linguistics. Stroudsburg: Association for Computational
Linguistics, 2018, 2742-2752

Gu S, Feng Y. Improving multi-head attention with capsule networks. In: Proceedings of Natural Language Processing
and Chinese Computing. Cham: Springer, 2019, 314-326

Guo M H, Xu T X, Liu J J, et al. Attention mechanisms in computer vision: A survey. Comp Vis Media, 2022, 8:
331-368

Hassin R, Keinan A. Greedy heuristics with regret, with application to the cheapest insertion algorithm for the T'SP.
Oper Res Lett, 2008, 36: 243-246

He K, Zhang X, Ren S, et al. Deep residual learning for image recognition. In: Proceedings of the IEEE Conference
on Computer Vision and Pattern Recognition. Piscataway: IEEE, 2016, 770-778

Helsgaun K. An extension of the Lin-Kernighan-Helsgaun TSP solver for constrained traveling salesman and vehicle
routing problems. Technical Report. Roskilde: Roskilde University, 2017

Hinton G E, Krizhevsky A, Wang S D. Transforming auto-encoders. In: Proceedings of the 21st International Confer-
ence on Artificial Neural Networks and Machine Learning. Berlin: Springer, 2011, 44-51

Hottung A, Tierney K. Neural large neighborhood search for the capacitated vehicle routing problem. arXiv:1911.09539,
2019

IToffe S, Szegedy C. Batch normalization: Accelerating deep network training by reducing internal covariate shift. In:
Proceedings of the 32nd International Conference on Machine Learning. New York: PMLR, 2015, 448-456

Khalil E, Dai H, Zhang Y, et al. Learning combinatorial optimization algorithms over graphs. In: Proceedings of
the 30th International Conference on Neural Information Processing Systems. Montreal: Curran Associates, 2017,
6348-6358

Kingma D, Ba J. Adam: A method for stochastic optimization. arXiv:1412.6980, 2014

Kool W, Van Hoof H, Welling M. Attention, learn to solve routing problems. arXiv:1803.08475, 2018

Kwon Y D, Choo J, Kim B, et al. Pomo: Policy optimization with multiple optima for reinforcement learning.
In: Proceedings of the 33rd International Conference on Neural Information Processing Systems. Montreal: Curran
Associates, 2020, 21188-21198

Laporte G. Fifty years of vehicle routing. Transp Sci, 2009, 43: 408-416

Laporte G, Mercure H, Nobert Y. An exact algorithm for the asymmetrical capacitated vehicle routing problem.
Networks, 1986, 16: 33-46



HERE HeE 54k 7

40

41

42
43

44
45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

Laporte G, Nobert Y. A branch and bound algorithm for the capacitated vehicle routing problem. Oper Res Spektrum,
1983, 5: 77-85

LeCun Y, Bengio Y, Hinton G. Deep learning. Nature, 2015, 521: 436—444

Lenstra J K, Kan A H G R. Complexity of vehicle routing and scheduling problems. Networks, 1981, 11: 221-227

Li J, Yang B, Dou Z Y, et al. Information aggregation for multi-head attention with routing-by-agreement. In:
Proceedings of the 2019 Conference of the North American Chapter of the Association for Computational Linguistics:
Human Language Technologies, Volume 1 (Long and Short Papers). Stroudsburg: Association for Computational
Linguistics, 2019, 3566-3575

Lin T, Wang Y, Liu X, et al. A survey of transformers. AI Open, 2022, 3: 111-132

LiuZ, LinY, Cao Y, et al. Swin transformer: Hierarchical vision transformer using shifted windows. In: Proceedings of
the IEEE/CVF international conference on computer vision. Piscataway: IEEE Computer Society, 2021, 10012-10022
Ma Q, Ge S, He D, et al. Combinatorial optimization by graph pointer networks and hierarchical reinforcement
learning. arXiv:1911.04936, 2019

Ma Y, Li J, Cao Z, et al. Learning to iteratively solve routing problems with dual-aspect collaborative transformer.
In: Proceedings of the 34th International Conference on Neural Information Processing Systems. Montreal: Curran
Associates, 2021, 11096-11107

Mazyavkina N, Sviridov S, Ivanov S, et al. Reinforcement learning for combinatorial optimization: A survey. Comput
Oper Res, 2021, 134: 105400

Nazari M, Oroojlooy A, Snyder L, et al. Reinforcement learning for solving the vehicle routing problem. In: Proceedings
of the 31st International Conference on Neural Information Processing Systems. Montreal: Curran Associates, 2018,
9861-9871

Parisotto E, Song F, Rae J, et al. Stabilizing transformers for reinforcement learning. In: Proceedings of the 37th
International Conference on Machine Learning. New York: PMLR, 2020, 7487-7498

Raganato A, Tiedemann J. An analysis of encoder representations in transformer-based machine translation. In:
Proceedings of the 2018 EMNLP Workshop BlackboxNLP: Analyzing and Interpreting Neural Networks for NLP.
Stroudsburg: Association for Computational Linguistics, 2018, 287-297

Reinelt G. TSPLIB—A traveling salesman problem library. ORSA J Comput, 1991, 3: 376-384

Rennie S J, Marcheret E; Mroueh Y, et al. Self-critical sequence training for image captionling. In: Proceedings
of the IEEE Conference on Computer Vision and Pattern Recognition. Piscataway: IEEE Computer Society, 2017,
7008-7024

Rosenkrantz D J, Stearns R E, Lewis II P M. An analysis of several heuristics for the traveling salesman problem.
SIAM J Comput, 1977, 6: 563-581

Sabour S, Frosst N, Hinton G E. Dynamic routing between capsules. In: Proceedings of the 30th International
Conference on Neural Information Processing Systems. Montreal: Curran Associates, 2017, 3856—-3866

Shi R, Niu L. A brief survey on learning based methods for vehicle routing problems. Procedia Comput Sci, 2023, 221:
773-780

Shi R, Niu L, Zhou R. Sparse CapsNet with explicit regularizer. Pattern Recogn, 2022, 124: 108486

Sutton R, McAllester D, Singh S, et al. Policy gradient methods for reinforcement learning with function approxima-
tion. In: Proceedings of the 12th International Conference on Neural Information Processing Systems. Cambridge:
MIT Press, 1999, 1-7

Toth P, Vigo D. The Vehicle Routing Problem. Philadelphia: STAM, 2002

Uchoa E, Pecin D, Pessoa A, et al. New benchmark instances for the capacitated vehicle routing problem. European
J Oper Res, 2017, 257: 845-858

Vaswani A, Shazeer N, Parmar N, et al. Attention is all you need. In: Proceedings of the 30th International Conference
on Neural Information Processing Systems. Montreal: Curran Associates, 2017, 6000-6010

Vinyals O, Fortunato M, Jaitly N. Pointer networks. In: Proceedings of the 28th International Conference on Neural
Information Processing Systems. Montreal: Curran Associates, 2015, 2692-2700

Wang Q, Tang C. Deep reinforcement learning for transportation network combinatorial optimization: A survey.
Knowledge-Based Syst, 2021, 233: 107526

Williams R J. Simple statistical gradient-following algorithms for connectionist reinforcement learning. Mach Learn,
1992, 8: 229-256

Wu Y, Song W, Cao Z, et al. Learning improvement heuristics for solving routing problems. IEEE Trans Neural Netw
Learn Syst, 2022, 33: 5057-5069

Xu Y, Fang M, Chen L, et al. Reinforcement learning with multiple relational attention for solving vehicle routing
problems. IEEE Trans Cybern, 2021, 52: 11107-11120

25



Ui B 45 i T I 3 S PRy T LA SR 88 2 0 e A R ) L

67 Yuan Z, Li G, Wang Z, et al. RL-CSL: A combinatorial optimization method using reinforcement learning and
contrastive self-supervised learning. IEEE Trans Emerg Top Comput Intell, 2023, 7: 1010-1024

68 Zhang J, Shi X, Xie J, et al. GaAN: Gated attention networks for learning on large and spatiotemporal graphs. In:
Proceedings of 34th Conference on Uncertainty in Artificial Intelligence. Corvallis: AUAI Press, 2018, 339-349

69 Zhao W, Ye J, Yang M, et al. Investigating capsule networks with dynamic routing for text classification. In:
Proceedings of the 2018 Conference on Empirical Methods in Natural Language Processing. Stroudsburg: Association
for Computational Linguistics, 2018, 3110-3119

Capsule aggregated attention for vehicle routing problems

Ruiyang Shi, Lingfeng Niu & Yuhong Dai

Abstract Deep learning-based methods have shown great potential for solving the vehicle routing problem
(VRP) in recent years. In the current learning-based models, attention mechanism plays an important role and
becomes one of the key modules for improving the performance. However, the aggregate-by-summation paradigm
of attention is not expressive enough to fully capture the rich information in the VRP. To solve this problem, we
propose a novel capsule aggregated attention mechanism, which utilizes capsule to store more information, applies
dynamic routing for information aggregation, exploits soft gated capsule selector to differentiate the importance
of different capsules, and modifies the context node vector in the decoding process to reflect the state changes.
Based on the above modifications, we design a new graph attention network for solving the VRP under the
reinforcement learning framework in this paper, and validates the effectiveness of our proposed method through
sufficient numerical experiments.

Keywords vehicle routing problem, capsule network, attention mechanism
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